Hybrid schemes are known to produce lower error constants, and hence more accurate than their standard counterparts. In this research work, some explicit and implicit Linear Multi-step Methods (LMMs) of maximal orders defined on the interval [x n , x n+k ] are embedded into one-step hybrid schemes defined on the interval [x n , x n+1 ]. The results show that the hybrid schemes have the same orders as the standard methods for each step number. However, the hybrid schemes have much lower error constants than the corresponding standard schemes. More importantly, the hybrid schemes are consistent and zero-stable, hence convergent, unlike the standard methods which are known to be unstable.
Introduction
It is a known fact that the accuracy of a linear multi-step method (LMM) increases with its order. It is not surprising therefore, that researchers try to find LMMs of the highest possible orders to achieve maximum accuracy. However, by Dhalquist's Barrier theorem, no k-step explicit linear multi-step method can have order more than 2k − 1, while an implicit k-step linear multistep method can only attain a maximum order of 2k [2] . The high order LMMs also have stability problems [2] as according to Dhalquist's theorem, no convergent LMM has order more than k + 1 for explicit schemes and k + 2 for implicit methods, hence the schemes of maximal orders are unstable. Hitherto, the unstable LMMs of high orders were only used for estimating starting values for other stable numerical methods. However, attempts have been made to circumvent the Dhalquist's barrier by developing hybrid schemes through the introduction of off-grid points into them. Off-grid points are known to improve the order and stability of a numerical methods ( [3] , [1] ). In particular, Onumanyi, et al [4] and Sirisena et al [5] reformulated the standard Backward Differentiation Formulae (BDF) by embedding them into one-step hybrid methods and the Simpson'e method by introducing some off-grid points, resulting into increased accuracy and stability properties. In this work, we intend to explore the orders of the schemes of maximal orders to obtain hybrid schemes with better accuracy and stability properties. We hope to achieve this by embedding the standard methods of maximal orders defined on the interval [x n , x n+k ] into one-step hybrid schemes defined on the interval [x n , x n+1 ]. The remaining parts of this work are organised as follows: Section 2 is dedicated to explicit and implicit schemes of maximal orders, while the explicit and implicit hybrid schemes will be the subject of section 3, some conclusions will be made in section 4.
Explicit and Implicit Schemes of Maximal Orders
In this section, we consider the standard explicit and implicit linear multi-step methods of maximal orders. The explicit Methods are given by the the general k-step linear multi-step method
Equation (1) is now subjected to the order conditions
From (2), one obtains for a k-step method the system
where λ is a free parameter. Solving the system of equations (3) for k = 1(1)6, we obtain the standard explicit discrete schemes of maximal orders
Similarly, we obtain the implicit discrete schemes of maximal orders as 
It is worth noting here that both the explicit and implicit schemes of maximal orders are not zero-stable, hence they are not very useful for the solutions of differential equations, as the solutions will not converge due to propagation of errors. However, such schemes are useful in estimating starting values for other numerical methods. In this work, we intend to explore the high orders of the schemes to develop hybrid methods which are likely to be more accurate and possess better stability properties. The next section discusses the derivation and analysis of the explicit and implicit hybrid schemes.
Explicit and Implicit Hybrid Methods
In this section, we derive some hybrid methods by embedding the standard explicit and implicit schemes of maximal orders discussed in the last section into one-step methods. The general expression for the embedded explicit hybrid schemes is given by
The general discrete schemes in (16) are then subjected to the order conditions
for a scheme of order p, and hence we obtain the system of equations similar to (2) whose solutions for k = 2(1)6 yield the following hybrid schemes + 30f n+
The explicit hybrid schemes (19)- (22) have the same orders as their corresponding standard methods of maximal orders. However, they have much lower error constants. It is also interesting to note that the hybrid methods are consistent and zero-stable. The error constants are displayed on table 1 below.
Step-number (k) 2 3 4 5 6 Order 3 5 7 9 11 Error constant Table 1 : Orders and error constants of the explicit hybrid schemes for k = 2(1)6.
There is a very clear difference between the error constants for the standard and the hybrid schemes as can be seen in table 2 below.
Step-number (k) + 36f n+
The implicit hybrid schemes are also consistent and zero-stable. Their error constants are as displayed in table 3.
Step-number (k) 
Conclusions
In this research work, some explicit and implicit methods of maximal orders for k = 2(1)6 have been embedded into one-step hybrid methods. While it is a known fact that the standard schemes of maximal orders are unstable, the embedded hybrid schemes are consistent and zero-stable, hence they are convergent. Furthermore, the hybrid schemes have much lower error constants than the standard ones, which implies that they are more accurate (see tables 2 and 4).
